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2. Ïðîñòðàíñòâåííî-ðàñïðåäåë¼ííîå óïðàâëåíèå

Íåîáõîäèìî íàéòè îïòèìàëüíîå óïðàâëåíèå

u∗(x) = arg minJ (u) , u(x) ∈ L2 (S) , S = (xa, xb) ,

Öåëåâîé ôóíêöèîíàë

J(u) =

∫
ω
I(v, u;x, t) dxdt, ω ⊂ Ω = (xa, xb)× (t0, t1) ,

v(x, t) ∈ Lm
2 (Ω) � âåêòîð-ôóíêöèÿ ñîñòîÿíèå ñèñòåìû

∂v

∂t
+A

∂v

∂x
+ F = 0, íà Ω + ÃðÍÓ. (1)

Óïðàâëåíèå ìîæåò ïðèñóòñòâîâàòü â ìàòðèöå A(v, u) èëè â

ñâîáîäíîì ÷ëåíå F (v, u).



3. Áåñêîíå÷íîìåðíàÿ îïòèìèçàöèÿ

Ïðÿìîé ýêñòðåìàëüíûé ïîäõîä:

J → min( èëè max) ýêñòðåìàëüíûìè àëãîðèòìàìè:

uk+1 (x) = uk (x)− bkαk(x)∇J(uk;x), ðàâíîìåðíî íà S (2)

αk(x) � ïàðàìåòð ðåãóëèðîâàíèÿ íàïðàâëåíèÿ ñïóñêà,

ìåòîäû... ÌÐÍÑã.

αk(x) = 1 � ãðàäèåíòíûå ìåòîäû, ôîðìàëüíî îáîáù¼ííûå íà

áåñêîíå÷íîìåðíûå ïðîñòðàíñòâà (ðàâíîìåðíàÿ ñõîäèìîñòü

∀x íå êîíòðîëèðóåòñÿ). Â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ

ýòîé ïðîáþëåìû íåò: ∥u∗ − uk∥ ⇐⇒ |u∗i − uki | ∀i.



4. Ïðîèçâîäíàÿ Ôðåøå, Ãðàäèåíò

Ãðàäèåíò îïðåäåëÿåòñÿ âàðüèðîâàíèåì ôóíêöèîíàëà è

äèôåðåíöèàëüíûõ óðàâíåíèé ñèñòåìû íà Ω. Ïåðâàÿ
âàðèàöèÿ :

δJ =
〈
J ′
u, δu

〉
L2(S)

,

ãäå J ′
u � ïðîèçâîäíàÿ Ôðåøå, J ′

u ̸= ∇J , õîòÿ èìååò ìåñòî
íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè:

J ′
u (u∗;x) = 0, x∈S.

Êàê íàéòè êîðåíü u∗ ýòîãî íåëèíåéíîãî áåñêîíå÷íîìåðíîãî

óðàâíåíèÿ? Îòâåò: íèêàê. Íåîáõîäìî èç J ′
u ïîëó÷èòü ∇J è

ïðèìåíèòü ýêñòðåìàëüíûå àëãîðèòìû.

J ′
u = ∇J ïðè âûïîëíåíèè óñëîâèé óïðàâëÿåìîñòè.



5. Îáëàñòü îïðåäåëåíèÿ óïðàâëåíèÿ

Óïðàâëåíèå äîëæíî áûòü îïðåäåëåíî íà Ω.

S = Px(Ω)

Îïåðàòîð ïðîåöèðîâàíèÿ Px:

òðàäèöèîííîå èíòåãðèðîâàíèå ïî âðåìåíè íà Ω;
ïðîåöèðîâàíèå íà ëèíèþ S â ìîìåíò tg∈ (t0, t1).

1. u
def
= u (x, t) , êîòîðîå íå èçìåíÿåòñÿ ñî âðåìåíåì;

2. u
def
= u (x, t) = u (x, tg) ∀ t, ðåãóëèðîâàòüñÿ â ìîìåíò tg,.

Èìååì äâà îïåðàòîðà ïðîåöèðîâàíèÿ Px,t̄, Px,tg .



6. Äâå âàðèàöèè è äâà ãðàäèåíòà

Âàðèàöèÿ δJ îòíîñèòåëüíî δu ∈ L2 (Ω):

1. δJ =
∫ xb

xa

∫ t1
t0

Φδu dxdt, J ′
u (u;x) =

∫ t1
t0

Φ dt íà S;

2. δJ =
∫ xb

xa
(Φδu)|tg dx, J ′

u (u;x) = Φ|tg íà S,

ãäå Φ � ðåçóëüòàò âàðüèðîâàíèÿ J è óðàâíåíèé ñèñòåìû.

Çíà÷åíèå Φ íàõîäèòñÿ ÷åðåç ðåøåíèå f(x, t) ∈ Lm
2 (Ω)

ñîïðÿæ¼ííîé çàäà÷è:

∂f

∂t
+AT ∂f

∂x
+ F∗f = 0, íà Ω + ÃðÍÓ. (3)

Ñ ó÷¼òîì óñëîâèé óïðàâëÿåìîñòè ïîëó÷àåì ãðàäèåíòû:

1. J ′
u = Px,t̄ (Φ) = ∇J ;

2. J ′
u = Px,tg (Φ) = ∇J .

(4)



7. Ïðèìåð 1

Èäåíòèôèêàöèÿ øåðîõîâàòîñòè îòêðûòîãî ðóñëà

Òå÷åíèå âîäû îïèñûâàþòñÿ êâàçèîäíîìåðíîé êâàçèëèíåéíîé

ãèïåðáîëè÷åñêîé ñèñòåìîé Ñåí-Âåíàíà, ãäå v = (Q,Z),
Q(x, t) � ðàñõîä âîäû, Z(x, t) � óðîâåíü âîäû.



8. Óïðàâëåíèå. Ôóíêöèîíàë

Â (1) ìàòðèöà A(v) =

(
2w B(c2 − w2)
1/B 0

)
,

F (v, u) = (Ffr − w2 ∂σ
∂x

∣∣
Z
, 0), õàðàêòåðèñòèêè

dξ1,2
dt = w ± c,

c =
√
gσ/B � ñêîðîñòü ìàëûõ âîçìóùåíèé.

×ëåí òðåíèÿ

Ffr =
gQ|Q|
σRC2

, C =
1

u(x)
R

1
6 ,

J(u) =

∫ t1

t0

I|ω dt, I(v; t)|ω=xb×(t0,t1) =
(
Z(xb, t)− Ze(t)

)2
.



9. Ñîïðÿæ¼ííàÿ çàäà÷à. Ãðàäèåíò

∂f

∂t
+AT ∂f

∂x
+ F∗f = 0, íà Ω,

2wf1 +
1

B
f2 = 0, íà xa,

B(c2 − w2)f1 + I ′Z |ω , I ′Z |ω = 2(Z − Ze), íà xb,

f = 0, íà÷àëüíîå óñëîâèå íà t1.

Çäåñü F∗ =

( 2Ffr

Q
1

B2
∂B
∂x

−Ffr

(
B
σ

+ 4
3R

∂R
∂Z

)
+ w2 ∂B

∂x

∣∣∣
Z
− g ∂σ

∂x

∣∣∣
Z

1
B2

(
q − ∂Q

∂x

)
∂B
∂Z

)
Ãðàäèåíòû (4):

1. ∇J =

∫ t1

t0

2Ffr

u
f1 dt;

2. ∇J =
2Ffr

u
f1

∣∣∣∣
tg

.



10. Óïðàâëÿåìîñòü

Óñëîâèå óïðàâëÿåìîñòè (èäåíòèôèöèðóåìîñòè):

t1 = t0 +

∫ xb

xa

dx

w + c
+ tε.

Çäåñü Ω ⊂ Ω � îáëàñòü óïðàâëÿåìîñòè.



11. Ïîñòàíîâêà òåñòà

Ó÷àñòîê Ñåâåðî-Êðûìñêîãî êàíàëà äëèíîé [xa, xb] = 20 êì,
òðàïåöåèäàëüíîå ïîïåðå÷íîå ñå÷åíèå, Zxa − Zäíî = 3.6 ì,
Qxb

= 107 ì3/ñ. Âðåìÿ ïðîõîäà õàðàêòåðèñòèêè ξ1 60 ìèí.
Òåñòîâîå �îïòèìàëüíîå� óïðàâëåíèå:

u∗(x) = 0.025 + 0.0075

(
cosπ + 2π

x

xb − xa

)
.

Ðàññ÷èòûâàëîñü ñîñòîÿíèå ïîòîêà v, ïîëó÷åííûé óðîâåíü Z(xb, t)
ñ÷èòàëñÿ ýêñïåðèìåíòàëüíûì Ze(t). Çàäàâàëîñü u0(x) = 0.04,
ðåøàëàñü îáðàòíàÿ çàäà÷à. Òî÷íîñòü èäåíòèôèêàöèè:
maxt |Z(xb, t)− Ze(t)| ≤ 5 ìì.
Äëÿ ìèíèìèçàöèè J ïðèìåíÿëñÿ ÌÐÍÑã (3) ñ ïàðàìåòðîì

α (x) =

∣∣∣∣ 0.1u0

∇J(u0;x)

∣∣∣∣ ,
è ÃÌ íàèñêîðåéøåãî ñïóñêà, ãäå α = 1).



12. Ðåçóëüòàòû èäåíòèôèêàöèè. Èíòåãðàëüíûé ãðàäèåíò

Çíà÷åíèå ∇J(u303;x), ïîëó÷åííîå ÃÌ, áëèçêî ê íóëþ â íà÷àëå
êàíàëà, ÷òî òàì çàìåäëåëî ñõîäèìîñòü ê u∗(x). Çíà÷åíèå
∇J(u108;x) â ÌÐÍÑã âäîëü âñåãî êàíàëà èìååò çíà÷èòåëüíûé
ïîòåíöèàë äëÿ ñìåùåíèÿ óïðàâëåíèÿ u108 ê îïòèìóìó. Íàëè÷èå
α(x) îáåñïå÷èëî ÌÐÍÑã áûñòðóþ ñõîäèìîñòü ê u∗(x) ∀x.



13. Ðåçóëüòàòû èäåíòèôèêàöèè. Ãðàäèåíò íà ëèíèè

Ñ óâåëè÷åíèåì òî÷íîñòè äî ∆maxZ ≤ 1 ìì óïðàâëåíèå-
øåðîõîâàòîñòü uk âèçóàëüíî ïîëíîñòüþ ñîâïàäàåò ñ u∗.
Ãðàäèåíò ñ ïðîåêöèåé íà ëèíèþ ïðîäåìîíñòðèðîâàë áîëåå
âûñîêóþ è îäèíàêîâóþ íà S ÷óâñòâèòåëüíîñòü ê óïðàâëåíèþ ïî
ñðàâíåíèþ ñ ãðàäèåíòîì ïðè èíòåãðàëüíîì ïðîåöèðîâàíèè.



14. Ïðèìåð 2
Îïòèìèçàöèÿ ôîðìû ñîïëà ãèäðîïóøêè



15. Óïðàâëåíèå. Ôóíêöèîíàë

Òå÷åíèå âîäû îïèñûâàþòñÿ êâàçèîäíîìåðíîé êâàçèëèíåéíîé

ãèïåðáîëè÷åñêîé ñèñòåìîé, ãäå v = (ρ, w), ïëîòíîñòü âîäû �

ρ(x, t), ñêîðîñòü âîäû � w(x, t).

Â (1) ìàòðèöà A(v) =

(
w ρ
c2

ρ w

)
, F (v, u) =

(
ρwuΘ(x− xa)

0

)
,

õàðàêòåðèñòèêè
dξ1,2
dt = w ± c, c2 = Bnρn−1

ρn0
� êâàäðàò

ñêîðîñòè ìàëûõ âîçìóùåíèé.

Óïðàâëåíèå

u(x) =
1

σ(x)

dσ(x)

dx
, x ∈ S = (xa, xb),

σ(x) = σa e
∫ x
xa

u(ζ)dζ � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ñîïëà.

J(u) =

∫ t2

t1

I|ω dt, I(v, u; t)|ω=Γb1
=

ρ0σ(xb)w
2(xb, t)

t2 − t1
.



16. Ñîïðÿæ¼ííàÿ çàäà÷à. Ãðàäèåíò

∂f

∂t
+AT ∂f

∂x
+ F∗f = 0, íà Ω2 = (xa, xb)× (t1, t2),

f = 0, íà Γ∗
a = xa × (t1, t2), íà Γ∗

2 = [xa, xb]× t2,

ρ0f1 + wbf2 + I ′w = 0, I ′w =
2ρ0σbwb

t2 − t1
, íà Γb1 = ω,

ãäå ìàòðèöà F∗ =

(
w
u

∂u
∂x 0

ρ
u
∂u
∂x 0

)
.

Ãðàäèåíòû (4):

1. ∇J =

∫ t1

t0

ρwf1 + κ I|ω dt;

2. ∇J = ρwf1 + κ I|ω íà ëèíèè ïðè tg.



17. Óïðàâëÿåìîñòü

Ω ⊂ Ω � îáëàñòü óïðàâëÿåìîñòè. Óñëîâèå óïðàâëÿåìîñòè:

t2≥ t1 +

∫ xb

xa

dx

w + c
, t1 ≥ t3.

ξ1 äîëæíà ïðîéòè ÷åðåç âñ¼ ñîïëî, íà÷àëî èñòå÷åíèÿ t1 íå äîëæíî áûòü

ìåíüøå t3 íà÷àëà ïîïàäàíèÿ â ñîïëî âîëí, îòðàæ¼ííûõ îò ïîðøíÿ.



18. Ïîñòàíîâêà òåñòà
Äëèíà ñîïëà xb−xa = 0.253 ì, ìàññà ïîðøíÿ mp = 2.25 êã,
íà÷àëüíàÿ ñêîðîñòü w0 = 76.2 ì/ñ, ðàäèóñ ñòâîëà Ra = 33 · 10−3 ì.
Äâå ïðîñòðàíñòâåííûå ñåòêè 100 øàãîâ. Ïåðâàÿ � ïîäâèæíàÿ äëÿ
ðàñ÷¼òà òå÷åíèÿ âîäû, âòîðàÿ � íåïîäâèæíàÿ äëÿ ñîïëà.
Êîëè÷åñòâî ñëî¼â ïî âðåìåíè äîõîäèëî äî 103.
Îöåíêà âûïóêëîñòè ôóíêöèîíàëà (íà êîíè÷åñêîì ñîïëå ñ J (Rb)):



19. Àëãîðèòì îïòèìèçàöèè

Äëÿ ìàêñèìèçàöèè J(u) ñ ïåðåìåííîé âûïóêëîñòüþ

ïðèìåíèòü ÌÐÍÑã (3) íåâîçìîæíî, èñïîëüçîâàëñÿ ÃÌ ñ

àäàïòèâíûì âûáîðîì øàãîâîãî ìíîæèòåëÿ:

ÅñëèJk > rJk−1 òîãäà:

• åñëè
∥∥∇Jk

∥∥ <
∥∥∇Jk−1

∥∥ òîãäà bk = b1b
k−1,

èíà÷å bk =
∥∇Jk−1∥
b3∥∇Jk∥ b

k−1;

• uk+1 = uk + bk∇Jk.
Èíà÷å ïîâòîðÿòü äî Jk > rJk−1 :
bk−1 ← b2b

k−1, uk+1 = uk−1 + bk−1∇Jk−1,
åñëè bk−1 ≈ 0 òîãäà ñòîï èòåðàöèè k.

Íà÷àëüíîå ïðèáëèæåíèå ñîïëî-òðóáà:

u0(x) = 0,



20. Ðåçóëüòàòû îïòèìèçàöèè. Èíòåãðàëüíûé ãðàäèåíò
J(u0) = 2.0 · 104,

∥∥∇J(u0)∥∥ = 1.1 · 104.
Ïåðâûé ëîêàëüíûé ìàêñèìóì:

Âòîðîé êðàåâîé "ëîêàëüíûé ìàêñèìóì"?, u(x) ≤ 0∀x ∈ S:

ë



21. Ðåçóëüòàòû îïòèìèçàöèè. Ãðàäèåíò íà ëèíèè

J(u0) = 2.0 · 104,
∥∥∇J(u0)∥∥ = 5.7 · 107.

Âòîðîé ëîêàëüíûé ìàêñèìóì:

Òðåòèé êðàåâîé ëîêàëüíûé ìàêñèìóì, u(x) ≤ 0 ∀x ∈ S:



Âûâîäû

Ðàññìîòðåííûå ïðèìåðû îïòèìèçàöèè ñ ðàçíûìè

îïåðàòîðàìè Px ïîêàçàëè, ÷òî íîâàÿ ôîðìà ãðàäèåíòà ñ

ïðîåöèðîâàíèåì íà ëèíèþ â îáëàñòè óïðàâëÿåìîñòè Ω
îáëàäàåò íàèëó÷øåé ÷óâñòâèòåëüíîñòüþ ê èçìåíåíèÿì

óïðàâëåíèÿ u(x) íà S. Ïðè ýòîì ðåàëèçóåòñÿ ëó÷øåå

ïðèáëèæåíèå ê îïòèìóìó çà ìåíüøåå ÷èñëî èòåðàöèé, ÷òî

ïîçâîëèëî âïåðâûå íàéòè òðè ëîêàëüíî îïòèìàëüíûõ ôîðìû

ñîïëà ãèäðîïóøêè.


